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Design of passive vibration absorbers 

Structure-based Immittance-based 
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F ig. 2 Passive suspension layouts S1—S4 of theoret ical interest .

(a) (b)

kc kb

b
c

cb

F ig. 3 Damper and inerter devices with elast ic effects included.

In order to make the suspension models closer to real suspension devices, we now include an end-st iffness

in the damper and a ― buffer‖ network for the inerter devices consist ing of a spring and damper in parallel

(reflect ing the fact that a small amount of dissipat ion will always be present in pract ical inerters), both

of which we refer to as elast ic effect (Figure 3). It can be seen from [20] that the end-st iffness for the

secondary lateral damper of a bogied vehicle equals 5 × 106 N/ m. Here we make a conservat ive assumpt ion

that kc and kb are no greater than kmax , where kmax = 3.5× 106 N/ m. The dissipat ion effect of an inerter

device has been studied in [14], where a damper in parallel with the end-st iffness has been included. The

value of the damping effect was est imated to be 3.2 × 103 Ns/ m. Here, we select cb to be no greater than

cmax = 5 × 103 Ns/ m. Figure 4 presents S1–S4 with elast ic effects included. It should be noted that the

spring k1 has been excluded for these layouts, this is because if the opt imisat ion results give a very low value

of the end-st iffness, an extra spring can then be included.

4

… 

Step 1: Identify positive-real functions, 
eg: 

Step 2: Synthesis the functions by network 
structures 

𝑘 

𝑘1 

𝑐1 
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Positive-real functions 

O. Brune showed that any positive-real 
function could be realised as the 
impedance or admittance of a network 
Comprising resistors, capacitors, 
inductors and transformers. (1931) 
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Positive-real functions 

Bott and Duffin showed that the transformers 
were unnecessary in the synthesis of positive-
real functions. (1949) 

Question: what is the minimal realisation 
of the positive-real functions? 



Ladenheim’s master thesis (1948) 
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Questions not answered: 
¾ What is the totality of biquadratics 

which may be realised? 
¾ How many different networks are 

needed? 
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Regularity and Essential Regularity 



Regular positive-real functions 
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Example 

J.Z. Jiang and M.C. Smith, Regular positive-real functions and five-element network synthesis for electrical and 
mechanical networks, IEEE Trans. On Automat. Contr. 2011. 



10 

05 July 2017 

Questions not answered: 
¾ What is the totality of biquadratics 

which may be realised? 
¾ How many different networks are 

needed? 
 

Answers: 
¾ All 103 series parallel networks are 

regular. 
¾ Six networks can cover all regular 

biquadratics. 
¾ All bridge networks are regular 

apart from two networks. 



Foster preamble for a positive-real 𝑍(𝑠) 
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Subtract minimum real part 

𝑍 = 𝑅 + 𝑍1 𝑍1 

Removal of poles/zeros on {0}∪ *∞+ 

𝑍 = 𝐿𝑠 + 𝑍1 𝑍1 

Removal of poles/zeros on 𝑗𝑅 

𝑍 = ( 𝐴𝑠
𝑠2+𝜔2+𝑌1)

−1
 

𝑌1 



Regular positive-real functions 𝑍(𝑠)  
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𝑍1 

𝑍1 

𝑍1 

𝑍1 

where 𝑍1is a positive-real function with one McMillan degree less than 𝑍. 



Essential-regular positive-real functions 𝑍(𝑠) 
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𝑍1 

𝑍1 

𝑍1 

𝑍1 

where 𝑍1is a regular positive-real function with one McMillan degree less than 
𝑍, and this procedure can be executed till the McMillan degree equals 0. 

S.Y. Zhang, J. Z. Jiang, H. L. Wang and S.A. Neild, Synthesis of essential-regular bicubic impedances, 
International Journal of circuit theory and applications, 2017.  



Relations amongst regular (R), essential-regular (ES), foster preamble realisable (FP) 
and positive-real (PR) functions with arbitrary McMillian degree 𝑁 
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FP 

ES 

R 

PR 

𝑁 = 1 

ES 

FP 

R 

PR 

𝑁 = 2 

ES 

FP 

R 
PR 

𝑁 = 3 

PR 

FP R ES 𝑁 ≥ 4 
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Design of passive vibration absorbers 

Structure-based Immittance-based 
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Step 1: Identify positive-real functions, 
eg: 

Step 2: Synthesis the functions by network 
structures 

𝑘 

𝑘1 

𝑐1 



Comparison of the two approaches  
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Structure-based Immittance-based 

Ability to cover a wide 
range of layout possibilities 
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Element values are important 

S.Y. Zhang, J.Z. Jiang and S.A. Neild, Optimal Configurations for a Linear Vibration Suppression Device in a Multi-
Storey Building, Structural Control and Health Monitoring, 2016. 
 
 
 



Comparison of the two approaches  
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Structure-based Immittance-based 

Ability to cover a wide 
range of layout possibilities 

Ability to fix and/or 
constraint element values 
and network complexities 
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Topological information is important 

A prototype steering compensator device, University of Cambridge 

S. Evangelou, D.J.N. Limebeer, R.S. Sharp and M.C. Smith, Steering compensation for high-performance 
motorcycles, Transactions of ASME, Journal of Applied Mechanics, 2017. 
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Topological information is important 

A prototype fluid inerter built and tested at the University of Bristol 



Comparison of the two approaches  
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Structure-based Immittance-based 

Ability to fix and/or 
constraint network 

topologies 

Ability to cover a wide 
range of layout possibilities 

Ability to fix and/or 
constraint element values 
and network complexities 



Comparison of the two approaches  
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Structure-based Immittance-based 

Ability to cover a wide 
range of layout possibilities 

Is there an alternative approach which has all the advantages 

Ability to fix and/or 
constraint element values 
and network complexities 

Ability to fix and/or 
constraint network 

topologies 
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A structure-immittance format 
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� A general formulation of generic network 
has been established for networks with three 
elements P 𝑝, 𝑄 𝑞, 𝑅 𝑟 where 𝑃 ≤ 𝑄 ≤ 𝑅  

start 

Step1: define generic sub-networks 𝑝𝑔, 𝑞𝑔 

𝑃 + 𝑄 > 1 

set 𝑖 = 0 

Step2: select 𝑝𝑔 and 𝑞𝑔 (or a single case of 𝑞𝑔 if 𝑃 = 0) 
                as two intermediate network cases, 𝑁0  

𝑖 < 𝑃 + 𝑄 − 1 

𝑖 = 𝑖 + 1 

Step4:element simplification 

Step5:   add element 𝑟 
          obtain networks𝑁𝑖 

Step3:  add remaining 𝑝𝑔 or 𝑞𝑔 in series or in parallel, 
         obtain networks 𝑀𝑖 with repetitive ones excluded 

output 𝑞𝑔  

output 𝑁𝑖  

true 

false 

true 

false 

9 𝑃, 𝑄 are base elements and 𝑅 is added element 

� The structural immittances can be obtained 
based on generic networks 

Sara Ying Zhang, Jason Zheng Jiang and Simon Neild, 
Passive Vibration Control: A Structure-immittance 
approach, Proceedings of Royal Society, 2017 
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𝑌1 𝑠 =
𝑏𝑐𝑠2 + 𝑏 𝑘4 + 𝑘5 𝑠 + 𝑐(𝑘2 + 𝑘5) 
𝑏𝑐(1/𝑘3)𝑠3 + 𝑏𝑠2 + 𝑐𝑠 + 𝑘2 + 𝑘4

 

𝑌2 𝑠 =
𝑏𝑐 1/𝑘1 + 1/𝑘3 𝑠3 + 𝑏𝑠2 + 𝑐𝑠 + 𝑘2

𝑏(1/𝑘1 + 1/𝑘4)𝑠3 + 𝑐(1/𝑘3 + 1/𝑘4)𝑠2 + 𝑠
 

Generic 
networks 

Structural  
immittances 

Conditions: for 𝑌1 𝑠 , at most one of the parameters 𝑘2, 1 𝑘3 , 𝑘4, 𝑘5 is positive and the others equal 0, 
                    for 𝑌2 𝑠 , at most one of the parameters 1/𝑘1, 𝑘2, 1 𝑘3 , 1/𝑘4 is positive and the others equal 0  

Case demonstration: networks with one damper, one inerter and one spring  

𝑘4 

𝑘5 

𝑘2 

𝑘3 

𝑘4 

𝑘1 

𝑘2 

𝑘3 



𝒀𝟏(𝒔) 𝒀𝟐(𝒔) 
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� Full set of networks 

Case demonstration: networks with one damper, one inerter and one spring  
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Structure-immittance approach 

• cover a full set of series-parallel networks with predetermined numbers of 
each element type, 

• contain explicit topological information for each network layout possibility 

• make use of element values as variables, 

Structural immittances can be obtained based on generic networks, which 



 Civil engineering case study 
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Inertial 
damper TVMD TID TMDI 

𝐽∞ = max
𝑖=1:3

( 𝑇𝑅 →𝑍 𝑖 ∞
) 

� Performance index: 
      Relative displacements of the building storeys to the base 

� Constraints: 
       0 kg ≤ 𝑏 ≤ 3000 kg, 0.01 kNs/m ≤ 𝑐 ≤ 15 kNs/m  

𝑌(𝑠) 
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Optimisation results for the 1𝑘 case 
(TVMD) 

(TID) 

1 𝑏, 1 𝑐, 1 𝑘 
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𝑘𝑡 

𝑚𝑠 

𝑌(𝑠) 

𝑚𝑢 

𝐹𝑠 

𝑘𝑠 

𝑧𝑠 

𝑧𝑢 

𝑧𝑟 

 Automotive case study 

� Performance index: 
       Ride comfort  𝐽1 = 2𝜋(𝑉𝜅)1/2 𝑠𝑇𝑧 𝑟⟶𝑧 𝑠 2

 

𝑘𝑠 kN/m 

𝐽 1
 

   3𝑟𝑑 order function 
 (13 elements required) 
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� Optimal configurations with one damper, one spring and at most two inerters 
 

 Automotive case study 

   3𝑟𝑑 order function 
 (13 elements required) 
  

𝑘𝑠 kN/m 

𝐽 1
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Happy birthday, Malcolm 

European Control Conference, Budapest, 2009 



Appendix-Relations 
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� Essential-regular functions are all regular, (ES        R). 
� Essential-regular functions can always be realised via Foster Preamble, (ES        FP). 
� Relation of regular and Foster preamble is dependant on the McMillan degree of functions (N). 

𝑍1 

Example: 
If 𝑁 = 1, 𝑍1 is a constant.  Regular 

realisation: If 𝑁 = 2, 𝑍1 is a bilinear function.  

For bilinear and biquadratic functions, 𝑁 = 1, 2: R         ES  

For bilinear and biquadratic functions, 𝑁 = 1, 2: FP         ES  

Example: 

Foster 
preamble: 

𝑍1 𝑁 = 2, 𝑍1 is a constant.  

Hence,  R        ES        FP   



Appendix-Relations  
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𝑍1 

Example: 
𝑍1 is a positive-real biquadratic function, where the 
minimum positive-real function cannot be realised 
by Foster preamble.  

Regular 
realisation: 

Example: 

Foster 
preamble: 𝑍1 𝑍1 is a bilinear function, and this bicubic function is 

regular.  

For bicubic functions, 𝑁 = 3: ES        R       FP  

For bicubic functions, 𝑁 = 3: ES        FP       R  

Hence,  ES        FP        R   



Appendix-Relations 
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Example: 

Foster 
preamble: 

𝑍1 

If 𝑁 = 4, 𝑍1 is a biquadratic function realisable via foster preamble, then 
𝑍(𝑠) can be non-regular. For higher degrees of functions, similar results can be 
obtained. 

For functions 𝑍(𝑠) with McMillan degree 𝑁 ≥ 4: 

Similar to bicubic functions,   ES       R       FP  

ES        FP       R  For functions with McMillan degree 𝑁 ≥ 4: 
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Appendix-Origin of the idea of generic network formulation 

Stage A:  Two reactive elements belong to different networks 

Stage B:  These two networks are combined together 

Stage C:  Remaining resistors/dampers are connected in series 
or in parallel 

Jason Zheng Jiang and Malcolm C. Smith. Regular positive-real functions and passive networks comprising two 
reactive elements. In Proc. of the European Control Conf., Budapest, Hungary. 2009. 
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Appendix-Origin of the idea of generic network formulation 

Stage A  

Stage B 

Stage C  

generalisation 

Stage A:  

Stage B: 

Stage C:  

The base element 𝑃 𝑝 and 𝑄 𝑞 are in 
separate generic sub-networks 

These sub-networks are connected in all 
possible sequences and arrangements 

The remaining added elements r are then 
included in series or in parallel 
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Inerter sub-network Damper sub-network 

Stage A: the damper and the inerter belong to separate generic sub-networks; 

generic sub-
network 

Appendix-Case demonstration: networks with one damper, one inerter and one spring  
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Inerter sub-network Damper sub-network 

Condition: at most one spring is present and the others are removed 

Present: an element has positive and finite value 

Removed: an element takes the value of 0 or ∞ − ensure that no other elements are 
locked rigid and the terminals are not disconnected;  
 

Stage A: the damper and the inerter belong to separate generic sub-networks; 

generic sub-
network 

Appendix-Case demonstration: networks with one damper, one inerter and one spring  
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Series connection parallel connection 

40 

𝑘1 

𝑘2 

𝑘3 

𝑘4 
Condition: at most one 
spring is present 

Stage B: the damper and inerter generic sub-networks are connected either in series or in parallel; 

Condition: at most one 
spring is present 𝑘2 

𝑘3 

𝑘4 

𝑘1 

𝑘2 

𝑘3 

𝑘4 

𝑘1 

𝑘2 

𝑘3 

Appendix-Case demonstration: networks with one damper, one inerter and one spring  
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Stage C: the remaining springs are added in series or in parallel. 

Condition: at most one spring is present 

𝑘2 

𝑘3 

𝑘4 

𝑘1 

𝑘2 

𝑘3 

𝑘4 

𝑘5 

𝑘2 

𝑘3 

𝑘4 

𝑘1 

𝑘2 

𝑘3 

Appendix-Case demonstration: networks with one damper, one inerter and one spring  
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Appendix-Inclusion of the mass 
 

𝑌(𝑠) 
𝑚 
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𝑌(𝑠) 
𝑚 

Example: consider 𝑌 𝑠  has one inerter, one damper and one spring  

9 Treating the attached mass as an 
optimisable part of the structure 

Appendix-Inclusion of the mass 
 



44 

05 July 2017 

𝑌(𝑠) 
𝑚 

Example: consider 𝑌 𝑠  has one inerter, one damper and one spring  

9 Treating the attached mass as an 
optimisable part of the structure 

9 The obtained 
structure outperform 
the TMD  

Appendix-Inclusion of the mass 
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� Candidate layouts: structures with one damper, one spring and at most two inerters 

𝑏1 
𝑏2 

𝑏3 
𝑏4 

𝑏5 

𝑏6 

 Appendix-Automotive case study 

Generic 
networks 

𝑏1 

𝑏2 

𝑏3 

𝑏4 𝑏5 

𝑏6 


